The derivation of relativistic generalizations of Ohm's law has been a long-term issue in theoretical physics with deep implications for the study of relativistic plasmas in astrophysics and cosmology. Here we propose an alternative route to this problem by introducing the most general Lorentz covariant first order response law, which is written in terms of the fundamental response tensor χ µ ν relating induced four-currents to external four-potentials. We show the equivalence of this description to Ohm's law and thereby prove the validity of Ohm's law in every frame of reference. We further use the universal relation between χ µ ν and the microscopic conductivity tensor σ kℓ to derive a fully relativistic transformation law for the latter, which includes all effects of anisotropy and relativistic retardation. In the special case of a constant, scalar conductivity this transformation law reproduces a standard textbook generalization of Ohm's law.
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Introduction.-Formulated as a simple, yet ingeneous mathematical identity, capable of explaining a plethora of experimental data at the time of its discovery, Ohm's law [1] soon found its technological application in the engineering of nineteenth century telegraph systems [2, 3] . Since then it has been used in nearly every branch of physical sciences to describe such different systems as neuron cells in medical physiology [4, 5] , black hole membranes in astrophysics [6, 7] , and recently also strongly interacting 2 + 1-dimensional conformal field theories with anti-de Sitter space duals [8] . While it was long believed that Ohm's law would break down at the atomic scale, it was demonstrated in 2012 to hold in silicon wires only four atoms wide [9] , thus raising the prospect of further applications in atomic-scale logic circuits [10] [11] [12] . On the theoretical side, the problem of deriving Ohm's law from microscopic models (as formulated e.g. by Peierls [13] ) is attracting continuous interest [14] . In plasma physics, a generalized Ohm's law is used to describe an electrically conducting moving medium in the presence of magnetic fields [15] [16] [17] . Indeed, in the magnetohydrodynamic description, where Maxwell equations govern the electromagnetic fields while the fluid is subject to energy and momentum conservation, Ohm's law expresses the coupling between the electromagnetic fields and the fluid variables [18] . This becomes especially relevant in astrophysics and cosmology, where relativistic plasmas are used to describe the formation of black holes, the generation of jets and gravitational waves [19] as well as the early universe [20] . Consequently, an intense research activity has been focusing on the derivation of relativistic generalizations of Ohm's law [18, 19, [21] [22] [23] [24] [25] [26] [27] [28] , a problem which has gradually reached the modern textbook literature (see e.g. [29, Sec. 13.14] ).
The present paper aims at delivering an alternative route to this problem: We will show that, contrary to the naive intuition, Ohm's law is-on the microscopic scale-already relativistically covariant, hence it has the same form in every frame of reference. In particular, this implies that Ohm's law has to be complemented by a suitable (non-tensorial) transformation law for the conductivity tensor, which we will derive explicitly below. In fact, on a macroscopic scale Ohm's law relates the electric current density j to an externally applied electric field E by means of
Microscopically, this has to be interpreted in the most general case as a non-local convolution
where
We choose the Minkowski metric as η µν = diag(−1, 1, 1, 1) such that all spatial indices can be written as lower indices, and we sum over all doubly appearing indices. From the relativistic point of view, the apparent problem with Ohm's law is that it relates the spatial part j of the fourvector j µ = (cρ, j) to the spatial three vector E i = cF 0i , which is part of the second rank field strength tensor
Hence, it is not obvious how Eq. (2) squares with the usual relativistic transformation laws. To clarify this issue on a fundamental level, we will start instead from the linear relation
with the fundamental response tensor χ µ ν relating the induced four-current j µ to the applied four-potential A ν = (ϕ/c, A). In fact, as the four-potential contains the complete information about the externally applied fields, Eq. (3) constitutes the most general first order response relation, which incorporates all effects of inhomogeneity, anisotropy and relativistic retardation [30] . This relation is relativistically covariant per constructionem because it relates the relativistic four-vectors j µ and A ν . In the following, we will first establish the connection between χ µ ν and σ kℓ and then derive Ohm's law (2) in a relativistic setting from Eq. (3). Based on the tensorial transformation law for the fundamental response tensor, we will further deduce the most general relativistic transformation law for the conductivity tensor. In particular, this will allow us to express Ohm's law in a moving frame in terms of the conductivity tensor of the rest frame of the medium. In the special case of a constant, scalar conductivity, we will show that the resulting equation coincides with a standard textbook generalization of Ohm's law. Relativistic derivation of Ohm's law.-As mentioned in the introduction, all (linear) electromagnetic response properties can be derived from the fundamental response tensor, which can be defined as the functional derivative of the induced four-current with respect to the external four-potential [30] ,
The current j µ has to be invariant under gauge transformations A µ → A µ + ∂ µ f and fulfill the continuity equation ∂ µ j µ = 0, which implies that the fundamental response functions obey the constraints [31, 32] :
Assuming homogeneity in time, such that χ
, we can write these constraints alternatively as
Thus, the relations (6)- (8) allow for the reconstruction of the complete fundamental response tensor χ µ ν from its spatial part χ kℓ only.
In contrast to the fundamental response tensor, the conductivity tensor in Eq. (2) relates the spatial current to the observable electric field. Since a time dependent electric field is in general also accompanied by a magnetic field, the effect of the latter is already contained in the microscopic conductivity tensor, which can hence be characterized as the total functional derivative (see [30] for a discussion of this concept)
We now rederive the standard relation between the conductivity tensor σ kℓ and the spatial part of the fundamental response tensor χ kℓ (see e.g. [33, 34] ),
Our purpose here is to provide a fully relativistic and gauge independent derivation of this universal relation. In fact, the functional chain rule (see [30] ) implies
By Fourier transformation with respect to the time variables, expressing χ k0 through Eq. (7) and using partial integration, we obtain
The term in brackets equals E j (y, ω), hence
which is the desired relation. Using this, we now find for the response of the spatial part of the current
which obviously coincides with the microscopic Ohm's law. A similar calculation leads to the response law for the charge density
which also follows from Eq. (20) by the continuity equation. We have thus shown that Ohm's law can be derived from a covariant response theory. The seemingly paradoxical result that the induced current can be compeletely expressed in terms of the applied electric field (such that the magnetic field does not appear) stems from the fact that the conductivity tensor corresponds to a total functional derivative with respect to the external electric field (see the discussion in [30] ). Transformation law for the conductivity tensor.-As we have derived Ohm's law from the fundamental, Lorentz covariant response relation (3), it follows that Ohm's law holds in every Minkowski frame. Of course, in this statement it is understood that the conductivity tensor itself obeys a transformation law, exactly as the fundamental response tensor (4). For deriving this transformation law, we now assume the medium to be spatially homogeneous such that χ
and by the constraints (6)- (8) the fundamental response tensor can be written explicitly as
We consider a general Lorentz transformation x ′ = Λx where Λ ∈ O(3, 1), and assume e.g. that we are given the conductivity tensor σ ij (k, ω) in the unprimed coordinate system. The conductivity tensor in the primed coordinate system can then be derived in three steps as follows (see Fig. 1 ): (i) By means of Eq. (11) one obtains the spatial part χ ij (k, ω) of the fundamental response tensor from the conductivity tensor, and by the constraints (6)- (8) one reconstructs from this the whole fundamental response tensor χ
(ii) The fundamental response tensor is transformed like an ordinary second rank Lorentz tensor, i.e.,
(iii) In the primed coordinate system, one invokes again Eq. (11) to read out the conductivity tensor σ
. The concatenation of these operations then leads to a complicated (i.e. non-tensorial) transformation law for the microscopic conductivity tensor.
Before deriving this transformation law explicitly, we note that under spatial rotations the conductivity tensor transforms like an ordinary spatial second rank tensor,
where ↔ R ∈ O(3). On the other hand, every Lorentz transformation can be factorized into a spatial rotation and a Lorentz boost [35, 36] . Hence it suffices to study the transformation properties of the conductivity tensor under boosts, which have the general form
Here v is the velocity of the primed coordinate frame relative to the unprimed frame, γ = 1/ 1 − |v| 2 /c 2 and
In particular, the momenta and frequencies transform as
From Eq. (24) we obtain after some algebra the relation between the spatial components
By applying Eq. (11) in both coordinate systems and taking into account the resulting factor ω/ω ′ through Eq. (28), we obtain the desired non-tensorial transformation law for the conductivity tensor:
In the following, we will also need the converse relation,
where in the last step we have used the identity
Note that Eq. (30) represents a non-tensorial transformation law in contrast to the ordinary transformation law (25) for rotations.
Rest frame versus moving frame.-Finally, we investigate in how far our findings agree with the textbook wisdom about the relativistic generalization of Ohm's law. Assume e.g. that the primed coordinate system corresponds to the rest frame of the medium. Then formula (30) allows us to calculate the conductivity tensor for any coordinate frame moving with velocity −v relative to the rest frame. In particular, we can reexpress Ohm's law in the moving frame, j i (k, ω) = σ ij (k, ω)E j (k, ω), in terms of the conductivity tensor of the rest frame:
To simplify this expression, we use that
by the continuity equation, and moreover,
where we have employed Faraday's law. Thus we obtain
Now consider the special case where the conductivity tensor of the rest frame is scalar and constant, i.e., σ
Using that (γ − 1)(γ + 1) = γ 2 |v| 2 /c 2 , we find
and consequently
This formula is usually referred to as the relativistic generalization of Ohm's law in the textbook literature (see e.g. [37, Problem 11.16] and [38, ). We have shown that it is a special case of Eq. (38) , which in turn is a direct consequence of the relativistic transformation law for the conductivity tensor (30) . Finally, we remark that in the non-relativistic limit where terms of order |v| 2 /c 2 are neglected, Eq. (41) reduces to
which is also a standard textbook generalization of Ohm's law [38] . In fact, this last equation is obviously equivalent to j ′ = σ ′ E ′ provided one uses the non-relativistic transformation laws j ′ = j − vρ and E ′ = E + v × B, respectively.
Conclusion.-Starting from the Lorentz covariant microscopic response relation (3), we have established the validity of Ohm's law in every frame of reference and derived the ensuing non-tensorial, relativistic transformation law for the microscopic conductivity tensor. Besides providing a new perspective on the problem of generalizing Ohm's law in a relativistic setting, we have shown how the standard result (41) emerges as a limiting case with a constant, scalar conductivity from our general formula (30) . Given the conductivity tensor in the rest frame of the medium, this formula can be used to compute the conductivity tensor in any moving frame. Thus it provides a direct link to the experiment, where the relativistic current response is not only relevant for plasmas in large-scale astrophysics but also for tabletop experiments with electronic quantum liquids.
